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COMPLETENESS  THEOREMS  FOR  POINCARE  SERIES  IN  ONE  VARIABLE 

Llpman  Bers 

A  completeness  theorem  for  Polncare  series  asserts  that  the 
space  of  theta-series  of  some  specified  kind  coincides  with  or  is 
dense  in  some  space  of  automorphlc  forms.   Such  theorems  occiir  in 

the  well-known  investigations  by  H,  Petersson  on  finitely  generated 

2 
Puchsian  groups  with  the  real  axis  as  limit  circle.   In  connection 

with  the  problem  of  moduli,  I  had  occasion  to  consider  the  same 

question  for  arbitrary  Puchsian  groups  and  also  for  discrete  groups 

4 

of  conformal  self -mappings  of  an  arbitrary  simply  connected  domain. 
The  results,  though  not  the  application  to  the  theory  of  moduli 
which  provided  the  motivation,  are  presented  here.   The  last  section 
is  an  exposition  of  some  of  Petersson 's  results,  with  modifications 
and  simplifications  resulting  from  using  the  unit  disc  instead  of 
the  upper  half -plane.   The  methods  are  elementary.   We  use  only  the 
simplest  concepts  from  the  theory  of  linear  spaces,  the  scalar 

product  introduced  by  Petersson,  a  device  utilized  in  a  recent 

•J 
thesis  by  E»  Rodlitz-^,  and  some  simple  potential-theoretical 

estimates. 


The  author  is  a  John  Simon  Guggenheim  Memorial  Fellow  and  holds 

a  Fulbright  award. 
■ 

Of.,  for  instance,  Math.  Z'.  vol.  $2    (19ii.9).  pp.  32-59,  and  the 
the  references  given  there. 
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§1,   Automorphic  forms. 

Let  there  be  given,  once  and  for  all,  a  plane  domain  D,   All 
fvinctions  considered  will  be  assumed  to  be  complex-valued, 
measurable  and  defined  in  D|  partial  derivatives  will  be  understood 
in  the  L,  sense;  functions  coinciding  a,e,  will  be  identified.   ¥e 
use  the  usual  norms 

llFlIp  =  /  f  I  |P(z)P  dxdyy  ^,     1  <  p  <  CO  , 


I  i\    |P(Z)P  dxdyl 


||p||   =  essential  supremiom  |P(z)|  , 
and  the  scalar  product 

(P3_,P2^  =   (  [  F^iz)F^{z)    dxdy  . 

b 

Let  there  be  given,  once  and  for  all,  a  discrete  group  G  of 

conformal  self -mappings  z  -^  A(z)  of  D,   If  /\  C  D  is  an  open  set, 

we  say  th^t  /\   is  an  allowable  fimdamental  domain  if:   the  relative 

* 
boundary  /\^   of  /\  has  two-dimensional  measure  0,  no  two  points  of 

/\   are  equivalent  under  G,  and  every  point  of  D  is  G-equivalent  to 

some  point  of  /\  ij  /\   , 

We  call  A(z)idz|  an  invariant  line  element  if  X(z)  is  positive 

and  continuous,  and  ^  ,, 
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(1)  X(A(z))|A'(z)|  =  X{z)    ,    z   C:   B    ,        A  e  G  . 

If  D  Is  the  unit  disc,  the  Poincare'  line  element  is  defined  by 

(2)  A(2)  =  (1-  |z|2)-l   . 

If  D  is  simply  connected  and  has  more  than  one  boundary  point,  the 
Poincare  line  element  is  defined  by 
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(2')  x(z)  =  u'(z)i(i-  U(2)r)-i 

where  z  — >t(z)  Is  any  conformal  mapping  of  D  onto  the  unit  disc. 
The  Poincare  metric  is  invariant j  in  fact,  (1)  holds  for  all  con- 
formal  self -mappings  of  D, 

Let  there  be  given,  once  and  for  all,  a  real  number  s  and  a 
system  of  holomorphic  functions  p. (z),  A  g  G,  z  t  D,  satisfying 
the  relations 

(3)  Ipa(2)!  =  iA'(z)r^  , 

ik)  \b^^^  =  PA(B(z))fB(z)  . 

Every  measurable  solution  of  the  functional  equation 

(5)  f  (A(z))  =  p^{z)t{z)    ,      A  €  G,   z  c  D  , 

is  called  an  autoraorphic  form  (to  the  group  G,  of  dimension  (_2s) 
and  with  autoraorphy  factors  Pa).   We  denote  by  A  the  complex  vector 
space  of  automorphic  forms  and  by  H  <:^  A  the  subspace  of  holomorphic 
automorphic  forms. 

Having  chosen  an  invariant  line  element  A(z)|dz|  we  set,  for 

^  ^  ^^         ..... 

||f|l#  =  I  [|x(z)2-P^|f(z)|P  dxdyf''''  ,   1  <  p  <  00  , 

l|f  11'^^=  essential  supreraum  A(z)~^|f(z)|  , 
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and  for  f^,  f g  ^  A, 
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provided  the  Integral  exists.   Here  /^   is  any  allowable  fiindamental 

domain. 

Let  A  denote  the  subspace  of  A  defined  by  ||f  ||'  <  co  ,  and  set 

H  =  H  n  A  3   One  sees  at  once  that  A  and  H  are  Banach  spaces, 
-p   -  *  '  -p  -P     -P 

The  scalar  product  (  ,  )   defines  a  canonical  identification  of 

*  * 

A    /,      - \  with  A  for  1  <  p  <  oo  and  of  A.  with  a  subspace  of  A   , 
-p/(p-l)      -p       -  -^  -1  *^       -co 


§2,   Poincare  series o 

To  every  function  P(z),  z    e.  D,    there  is  associated  a  Poincare' 
theta-series 

(6)  rH  F(A(z))p,(z)~^  . 

If  this  series  converges  absolutely  in  the  L^  sense  over  every 
compact  K  c:  D,  we  denote  the  svrni   by  GP;  it  is  clear  that  QF  t  A, 
Conversely,  every  f  e  A  is  of  the  form  0P;  it  suffices,  for  instance, 
to  set  P(z)  =  k(z)f (z)  where  k  is  the  characteristic  function  of  a 
measiirable  set  containing  exactly  one  representative  of  each  G- 
equi valence  class.   On  the  other  hand,  the  problem  of  representing 
or  approximating  an  f  e  H  by  expressions  of  the  form  9P,  P(z)  a 
polynomial,  is  not  trivial.  As  a  preparation  for  treating  it  we 
prove 

Theorem  1.   If  \\\    "    f||  <  oo  ,  then  (6)  converges  absolutely  ■ 
in  the  L^  sense  over  every  compact  K  c:-  D, 

(7)  IkPllf  <||x2-^P!l3^  , 
and 


[B:*aeP':&k:Mi    olo^vrolii:^     ;  i    .'v    -itoti.      ^zrj-:.^.-      .     '^necfxii    ar  LvoTq 


q~  q- 

00-  ■•  ■  -  .         ■     •• 


.    ■'  \c^)  /\{[&)Ii}\  '^'"    < 


-.rfs^-^-if^   •  .-serida    ..J  erf.7   r.f.  v lQ:li'> Lo-a6b  -vnoo   aslraa   sxrict   11 


<-  r^  :".    1    "^ 


-.1.      -  .t   . 


r.    o--; 


fi  'to  no  rrf *).-.;/.■    -'SdcJxic.-ioSt.srif)   dii:+   si  >i   3i.3/'v.    (2)*i(is}>l 

^f£xd"ns30'xie'x  'j.:.  .■;'i-q  arivi    <_iiiuirf  lorid'o  ©rid'  nO      osaxvio   eoi-ia.i«v;. 

>5    ( ,-  :       .     •       .        erf*  In   sn  .  :q;c9  ^'^  H  5>  1  0js  S-i'^i^-C' 


"~hw>  ]]\'^i\ 


IV; 


bai^ 


(8)  (eF,g)#  =  (A^''^p,g) 

for  all   gc    A^  . 

Proofs      Let  /\  be   an  allowable   fundamental  domain*     We   call  a 
set  K  C  D  small   if  K  ci  jC\[j /^  •      If  K  C  D   is   any   compact   set,    then 
there   exists   a   small  compact   K  and  finitely  many   elements   A      »,»,A^ 
of  G  such  that   Kc:  At^(K)  \J    ..•!,]  A^(K),      Hence    the   convergence 
statement    of   the    theorem  will   be   proved   if  we   show   that 

(9)  IZT     \{    |F(A(z))ifAt  (z)fs     dxdy  <  CO 

for   every   small  compact  K  C  D»      This   follows    by   noting   that   for 
z  fe   K  and  A  t   G   the   quantity   A(A (z) ) |A' (z) f   remains    between  two 
positive   bounds,    namely   the   minimum  and   maximum   of   X(z)    in  K,    so 
that   the   sum   in    (9)    does    not   exceed   a   constant  multiple   of 

ZI      51    |P(A(z))|X)A(z))2-SfAt(z)f2^  dxdy  = 

ZZ      [   r      |F(z)U(z)^-^    dxdy  <    lU^-^Fll^      . 
A(K) 

Note,    let   us   call   a   g  p   A special   if   there   exists   an 
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allowable  fundamental  domain  /\,  a  compact  K  C _^  and  an  a  >  0, 
such  that,  in  /\,    g  =  0  at  points  outside  K  and  also  at  points 
where  \X   ~^QPf  >  a.   For  a  special  g,  (QF,g)"'^  exists  and  (8)  can 
be  verified  by  the  following  legitimate  computation; 
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A 

=  n  jf  X(A(z))2-2^p(A(z))g(A(z)F|A'{z)|2  dxdy 

A 

=  ZZ   r  [    X(z)2-2^F(z)iHy  dxdy  =  (X^"^^P,g)  . 
We  conclude  that 

for  special  g.   This  implies  (7)o   Now  an  easy  limiting  argument 


shows  that  (8)  holds  also  for  all  z  k  ^     * 
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Corollary,   If  F(z)  is  holomorphic  and  |U  ~  P||  <  oo  ,  then 

the  series  ( 6 )  converge £j  norr.ially  and  OP  <r  H  , 
The  proof  is  clear. 

Remark,   Statement  and  proof  of  Theorem  1  are  at  once 
extendable  to  non-analytic  p. ,  to  non-conformal  A,  and  to  higher 
dimensions* 
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§3*  A  completeness  theorem  for  general  Puchsian  groups. 

If  D  is  the  unit  disc,  X  is  defined  by  (2),  s  >  1,  and  P(z) 
is  a  polynomial,  then  the  corollary  to  Theorem  1  Implies  that 
9F  £  H, ,   We  shall  prove  a  partial  converse  of  this  statement. 

Theorem  2,  Assume  that  D  is  the  unit  disc,  X | dz |  the  Poincare 
line  element,  and  s  >  1,  Then  the  space  of  Poincare"^  series  ©P,  P(z) 
a  polynomial,  is  dense  in  H, , 

The  proof  is  based  on  the  following 
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Lermna,      Assiune   that 


(10)  \^{z)\    <  c(l-    |z|)^   ,  a  >  -1    , 

and 

(11)  J  J      P(z)cr(z)    dxdy  =  0  for   all  polynomials  P(z)    , 


z  <1 


Set 


kl<i 

Then  (i)   h(z)  is  continuous  for  all  z,  has  L,  derivatives,  and 
satisfies  for  | z |  <  1  the  equation 

(13)  h_  =  cr  . 

z 
Also,  (ii) 

(III.)  h  =  0  on   |z|  =  1  , 

and  (iii) 

(15)    |h(z)|  <  c^(a)c(l-  |zi)^"^°[l  -logd-  |z!)]  ,    Iz|  <  1  , 

where  the  logarithrolc  term  may  be  omitted  if  a  is  not  an  integer. 

Proof  of  the  Lemma,   a)  If  a  >  0,  statement  (i )  is  well  known; 
it  is  also  knoxirn  that  in  this  case  h  has  a  modulus  of  continuity  of 
the  form  c-,  (O)ce(l  -  log  e).   If  -1  <  a  <  0,  one  verifies  easily  that 
(i)  is  still  valid  and  that  h  has  a  modulus  of  contin^iity  of  the 
form  c,  (a)ce  °', 

b)  Condition  (11)  implies  easily  that  h  =  0  in  |z|  >  1|  (ii) 
follows  by  the  continuity  of  h. 

c)  V/e  set  a  =  k-1+5,  k=0,l,,c,,  0<5<1,  and  prove  (iii) 
by  induction  on  k.  In  view  of  a)  and  b)  the  statement  is  true  for 
k  =  0,  AssTime  it  to  be  true  for  k  =  n,  and  consider  the  case 
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k  =  n+1.   Set,  for  some  fixed  real  t, 

kl<i 

Then 

J  J  F(z)0~l(z)  dxdy  =  0  for  all  polynomials  F(z)  , 
UI<1 

and,  by  the  induction  hypothesis, 

* 
Ih3_(z)|  <  C3_(n-l+6)c(l-  |z|)'''*'^[l-log(l-  !z|)]  . 

But 

h(re^^)  =  h(re^^)  -h(e^^)  =  (r-De^^  h^(re^^)  , 

so  that  (15)  holds  also  for  k  =  n+1. 

In  order  to  prove  Theorem  2  it  suffices  to  show  that  if 

(16)  g  £  A_  ,    (9P,g)^  =  0  for  all  polynomials  P(7.)  , 

~oo  4 . 

(17)  ■'  {f,B)^  =  0     for  all      f  6   H^    ^ 
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(18)  -^y-  a'(z)   =  X(z)"  "  g(z)    . 

By  virtue  of  (2),  (8)  and  (16)  CT  satisfies  the  hypotheses  of  our 
lemma  with 

(19)  c  =  2^-2||g||^  ,    a  =  s-2  >  -1  . 
Next,  define  h  by  (12),   Then 
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(20)  h(A(z))|)^(z)A'(z)  -  h(z)  =  0   for  A&G. 

To  verify  this,  note  that  the  "z-derlvative  of  the  left  hand  side  of 
(20)  equals  (cf,  (13)) 


\(A(z))^-2^  g(A(z))  A'(z)j&^(z)a'(z)  -A(z)2-2^  g(z)  =  0  , 

so  that  this  left  hand  side  is  holomorphic.   But  by  virtue  of  (1^) 
it  vanishes  on  \z\   =  1,   It  follows  from  (20)  that 

(21)  for  f  e  H  ,   f (z)h(2)dz  is  G-invariant  , 

that  is,  that  \[;  =  f h  satisfies  the  functional  equation 
\|/(A(z))A'(z)  =  \J/(2)  for  all  A  £  G. 
We  assume  now  that       ,  . 

(22)  G  contains  no  rotations  about  the  origin 

(except,  of  course,  for  the  identity)  and  denote  by  /\   the  set  of 

those  z  (&  D  for  which  |A(z)|  >  \z\    for  A  e  G,  A  9^  1,   Let  A   denote 

the  intersection  of  /\   with  the  disc  |z|  <  r  <  1,  B  the  part  of  the 

boxMidary  of  A   lying  in  |z|  <  r,  and  C   the  part  of  the  boundary  of 
r         •  ^ 

A  which  lies  on  lz|  =  r.   It  is  well  known  that  /\^   is  an  allowable 
r 

fundamental  domain  (called  the  normal  fundamental  polygon  with  center 
at  0),   Hence,  for  f  &  H, , 

(f,g)^=lim     \{    X^-^^fg  dxdy  =  lira      \\     (fh)      dxdy 

rTl     X  ^1l       A 
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It  Is  well  known  and  easy  to  check  that  B  consists  of  a 

I* 

finite  nvuuber   of   circular   arcs  b-,,»09,b    ,   b,,,,b     such  that 

■1*  iX     At  IX 

i2k)  bj  =  -A^.(bj.)  ,   Aj  e  G  ,  j  =  l,...,n  . 

In  conjuQctlon  with  (21)  this  implies  that 
(25)  J  fh  dz  =  0  . 


By  (15)  and  (21^) 


B. 


,s-l 


h(z)  =  0(-(l  -r)^"-"  log(l-r))   for    \z\    =  vU   , 


and  therefore 


J  fh  dz  =  0(-(l-r)^"^  log(l-r)  [   Iflldzl)  ,   rtl  . 


On  the  other  hand,  since  f  £  H  , 


1/2 

so  that 

1 


J    (l-r^)^"^   [     Iflldzldr  =      j   J  X^'^ifl    dxdy  <  oo    , 


A-A 


1/2 


1/2      "c 


dr 


(1  -r)|log(l-r)| 


<    CO 


and  therefore 
(26) 


11m  inf 
rTl 


I 


fh  dz 


=  0  . 


By  (23),  (25)  and  (26),  (f ,g)^^  =  0,  q.e.d.   The  additional 
hypothesis  (22)  will  be  removed  in  the  next  section. 


m. 


:&     So    '■■••      •      4LW^!.'  ■■■    ' 
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iij..  Extension  to  discrete  groups  of  conformal  self -mappings 
of  an  arbitrary  simply  connected  domain. 

This  extension  is  an  almost  immediate  consequer.oe  of  Theorem  2 
with  the  additional  hypothesis  (22), 

Let  ^  — >  z  =  \1'(^)  be  a  conformal  mapping  of  the  lonit  disc 
D  :  1^1  <  1  onto  a  simply  connected  domain  D  and  let  ^^ (K)      denote 
some  single-valued  branch  of  this  function  in  U,  For  A  6  G, 
A  =  \1'  A\l/  is  a  conformal  self -mapping  of  D;  the  group  G  of  all  such 
A  is  discrete.  We  may  assume  that  i|/  is  chosen  so  that  G  contains 
no  rotations  about  the  origin.   Set 

PAO    =  j5,(^(?))v|/'(A(^))^^'(^)"^  ,     A  ^  G  , 

A       ^ 

Then  |P/^(^)|  =  iA'(^)|~^  and  ^  p^  1;  is  a  system  of  autoraorphy  factors 

A  A 

belonging  to  G,   We  denote  by  H  the  spaces  of  holomorphic  auto- 
morphic  forms  to  the  group  G,  of  dimension  (-2s)  and  v/ith  automorphy 

factors  p^  ,  the  norms  being  based  on  the  Poincare  line  element  in  D. 

'A 

V/e  also  use  the  Poincare  line  element  in  D  to  define  the  norms  in  H, 
To  every  function  P(z),  z  e    D,  we  associate  the  function 

P(?)  =  ^J''(^)^  P(^(^)) 

A      _ 

and  we  write  P  =  ^__P,   One  verifies  at  once  that  \   is  an  isometric 
and  isomorphic  mapping  of  H  onto  H  ,  1  <  p  <  oo  ,  and  also  of  the 
Banach  space  of  holomorphic  functions  in  D  with  norm  ||a  "^p|L  onto 

A 

the  corresponding  Banach  space  of  holomorphic  functions  in  D. 

Denote  the  Poincare  series  formed  for  the  group  G  and  the 

automorphy  factors  p^  by  6,   Then 

-  A 


{:^)^^    :: 


:■'    ^jj'-'"!" 


-      ;.     '.        f.-y 


■'"  / 


7;;4    7;' 


i    -srf^ 
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.  o     ivO 
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Thus  the  part  of  Theorein  2  already  proved  yields 

Theorem  3*   I£  D  Is  simply  connected  and  not  the  whole  plane , 
x|dzl  is  the  Poincare  line  element  In  D,  and  s  >  1,  then  the  space 
of  Poincare  series  9P,  P(z)  holomorphic  and  ||x  "*^p||  <  oo  ,  is  dense 
in  H^c 

Now  we  can  prove  Theorem  2  without  the  additional  hypothesis 
(22),   Noting  Theorem  (3)  and  (7),  we  see  that  all  one  needs  is  the 
follox^ring  statement:   in  the  Banach  space  of  holomorphic  f\inctions 
in  the  \init  disc  D  with  norm  ||X  "  P|L  the  polynomials  form  a  dense 
set.   But  this  statement  is  simply  Theorem  2  for  the  case  when  G 
contains  only  the  identity.   Thus  it  is  already  proved  in  §3. 

The  usefulness  of  Tlieorem  3  is  limited  by  the  difficulty  of 
describing  explicitly  those  holomorphic  functions  for  which 
II X  ~  P|L  is  finitee   A  more  precise  statement  will  be  made  in  the 
next  section  under  restrictive  assumptions  on  D  and  G, 


§5o  A  special  completeness  theorem. 

The  set  D/G  can  be  made,  canonically,  into  a  Riemann  surface, 
and  this  surface  is  closed  if  G  has  a  compact  fundamental  region 
/^  U  /\  f   as  we  assume  in  this  .section.   This  assumption  implies 
that 

(27)  S  =  Si 
(for  every  X)  and  that 

(28)  dim  H  <  00  , 


SI 


..    i!.u!--: 


r-C:      > 


S' 
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The  latter  relation  is  proved  by  noting  thct  for  f ,  g  s  H,  g  ^  0, 
the  ratio  f/g  may  be  considered  as  a  meroraorphic  function  on  D/G 
which  is  a  multiple  of  a  certain  divisor  determined  by  g. 

If  we  also  assvime  that  D  is  the  unit  disc,  and  s  >  1,  then, 
by  Theorem  2,  every  f  €  H  is  a  Poincare  series  GF,  P  a  polynomial. 
We  shall  extend  this  result  to  bounded  Jordan  domains,  but  only  for 
s  >  2,   (The  case  1  <  s  <  2  could  be  included  under  certain  smooth- 
ness conditions  on  the  boundary  of  D,  but  the  domains  occurring  in 
applications  are  either  discs  or  bovmded  by  non-differentiable 
Jordan  curves.) 

Tlrieorem  Ij.,   Assume  that  D  is  a  bovmded  simply  connected  domain, 
and  that  its  boundary  D  is  a  Jordan  curve  (or.  more  generally,  that 
D  is  also  the  bound9.ry  of  the  complement  of  the  closure  of  D ) , 
Assvune  also  that  G  has  a  compact  fundamental  region,  and  that  s  >  2, 
Then  every  element  of  H  is  of  the  form  QF,  F(z)  a  polynomial. 

Proof,   Let  /\   be  an  allowable  fundamental  domain.   Since 

2 


Z- 


j  |A'(z)r  dxdy  =  [[  dxdy  , 


_____        p 
the  series  \ |a'(z)|   converges  normally,  as  is  well  known.   This 

implies,  by  the  way,  that  (6)  converges  normally  for  s  >  2  and 

IIfII^    <  CO.      Set 

(29)  A(z)    =[YZL    |A'(z)|2f'^^      . 

Then  X   >  1,    and  X(z)|dz|    is   an  invariant   line   element  which  we  use 
from  now  on,  .  , 
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The  proof  parallels  that  of  Theorem  2^   Noting  (2?)  and  (28) 
we  see  that  Theorem  I4.   will  be  proved  once  we  derive  (17)  from  (16), 
V/e  assiome  (16)  and  define  cr(z)^  z  fc  D,  by  (18),  where  X  is  given 
by  (29).   Then  ||cri|   <  ®  and  g"  satisfies  (11).   It  follows  that 


the  fiHictlon 


.U,  =  -lJjIlfMfi 


D 

is  continuous,  has  L^  derivatives,  satisfies  (I3)  in  D,  and  vanishes 

identically  in  the  complement  of  D  U   D,   In  view  of  the  hypothesis 

•  •' 

on  D,  h  =  0  on  D,   As  in  the  proof  of  Theorem  2,  this  relation 

implies  (21). 

Now,  /\^   can  be  chosen  so  that  its  boundary  /\^   consists  of 

rectifiable  arcs  b^,„.<,,b^^,  b^....,b^  satisfying  (21;).   For  f  e  H 

we  have  by  (21) 

J  fh  dz  =  0  , 

A  ..  .      _  ,    .  , 

and  therefore 

.A  A     ^ 

q.e,d. 

If  D  is  the  unit  disc,  a  more  precise  statement  can  be  made, 

under  weaker  conditions  on  G, 

_  / 

§6,   Poincare  series  for  finitely  generated  Fuchsian 

groups  with  limit  circle. 

Throughout  this,  essentially  expository,  section  we  make  the 
following  hypothesis;  G  is  a  finitely  generated  discrete  group  of 
conformal  self -mappings  of  the  vmit  disc  D,  and  the  limit  points  of 
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G  are  dense  on  the  unit  circumference.   Ihis  is  the  case  considered 

by  Petersson  for  D  the  upper  half -plane. 

The  hypothesis  implies  that  every  normal  fundamental  polygon 

/X\_)  /\   of  G  is  either  compact,  if  G  contains  no  parabolic  elements, 

or  has  a  finite  number  of  vertices,  but  no  edges,  on  the  unit 

circumference.  Each  of  these  vertices  is  a  cusp,  i.e.  a  fixed  point 

e''"'''  of  a  parabolic  element  A  e  G.  An  f  e  H  is  called  a  cusp  form 

if,  for  every  cusp  e"""^  of  A.  f(z)  -^  0  as  z  — >e  ^  in  /\^  9      We 

denote  the  space  of  cusp  forms  by  II  ;  if  there  are  no  cusps,  then 

H  =  H  ,   In  all  cases, 
—   — + 


(30)         N  =  dim  H  <  CO 


and,  for  N  >  0, 


(31)         M  =  sup  ord  f  <  00     (z  t-:  D,  f  e  H  )   . 

2  + 


The  latter  relation  means  that  there  exists  &   z^  c.  Ti   and  an  f  e  H 
with  ord   f  =  M,  i.e.  with 


M  u.  n  /  1  „     .   I  M+1 . 


f(z)  =  a(z  -  z^)^"^+  0(lz  -  zX   ^>        ^  ^  0' 


md    that    ord^f  <  M  for   all   z  e   D  and   all   f  c^    H   ,    f  ;^0. 


>.  1 
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Relations  (30)  a^id  (31)  are  proved  by  observing  that  D/G  Is 
either  a  closed  Riemann  surface  S,  or  obtained  from  a  closed 
Riemann  sxirface  S  by  removing  a  finite  nviraber  of  points,   (The 
genus  of  S  is,  by  definition,  the  genus  of  G, )   If  f  and  g  ^  0  are 
cusp  forms,  then  f/g  may  be  considered  as  a  meromorphic  function  on 
S  which  is  a  multiple  of  a  certain  divisor  determined  by  g. 

At  every  point  z  of  D  one  defines  N  positive  integers 

p,  <  jjip  <  , ,,  <  [j,^  (the  'Weierstrass  gap  sequence  of  H  at  z'  )  by 

setting  |x,  -  1  =  min  ord  f ,  f  6  H  ,  and  |j, .  ^  -  1  =  min  ord  f  for 
J-  z      —J^.  J"*"  J-  z 

f  s  H  and  ord  f  >  [o,.-  1,   The  point  z  is  called  a  Weierstrass 
-+        z     J        ,  .  ,   , 

point  ixnless  |j, .  =  j,  j  =  l,2,e,,,N,   It  is  clear  that  the  [i.   are 

J  J 

well  defined,  if  N  >  0,  that  (j,„  <  M  +1,  and  that  the  set  of 
Weierstrass  points  is  discrete.   If  G  contains  no  parabolic  or 
elliptic  transformations  and  Pa(z)  =  a'(z),  then  the  Weierstrass 
gap  sequence  is  the  classical  one.   The  actual  computation  of  N  and 
M,  and  of  upper  and  lower  bounds  for  the  number  of  non-equivalent 
Weierstrass  points,  discussed  by  Petersson,  need  not  concern  us 
here. 

If  we  use  the  Poincare  line  element,  then 

H=H,  l<p<oo 

-+   -p  -   - 

as  can  be  verified  by  simple  estimates „ 

Lemma,   If  s  >  1,  P(z)  =  >   a  z^  is  a  polynomial,  and 
g(z)  =  >   b  z  a  cusp  form,  then 
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(ep,g)#=nr^a^b^ 
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1 

_  ^^  f  ,-    2,2s-2  2n+l  , 
Y  =  2Tt   (1  -  r  )    r     dr  . 

0 
This  corresponds  to  one  of  Petersson's  'fundamental 
Identities',   The  proof  consists  of  substituting  the  expressions  for 
P  and  g  into  the  right  hand  side  of  (8), 

Corollary,   If  s  >  1,  P  =  >    a^z^  is  a  polynomial,  and 

eP  =  T~   a  z^,  then 

* n   '   '  '  '■ 


Y  a  a   >  0  , 
'n  n  n  —   * 

and  the  equality  sign  holds  if  and  only  if  eP  =  0, 

Proof.   The  3^x^\   equals  (9P,0P)'^. 

Theorem  5.  i£  ^  >  1  and  ii^j.ccM-^  is  the  Weierstrass  gap 
sequence  of  H  at  z  =  0,  then  every  cusp  form  is  representable, 
uniquely,  as  9F ,   with 

JL      i^r^  ■ 

P(z)  =  I a  z  J 

J=l  ^ 

Proof,   It  suffices  to  show  that  if  P  has  the  indicated  form 
and  ^F  =  0,  then  oc,  =  ,,.  =  a„  =  0,   But  there  exists  cusp  forms 

f  .,  j  =  1,„..,IJ  with  f  .  =  z  J   +0(!z|  J).   If  9P  =  0,  then 

0  =  (eP,fjj)^=  Y^a^^,  0  =  (^F,fjj_^)'^  =  YN.rt.l,  ®*^' 

Corollary,   If  s  >  1,  then  every  cusp  form  can  be  written  as 
©F,  where  P  is  a  polynomial  of  degree  at  most  M,   I_f  z  =  0  is  not 

a  Weierstrass  point  of  H  ,  then  everv  cusp  form  can  be  written 

+ ' 

uniquely  as_  ^P,  where  P  is  a  polynomial  of  degree  at  most  N-1, 
We  conclude  by  deriving  a  rather  special  consequence  of 
Theorem  5» 
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Theorem  6»  Assume  that  G  is  of  positive  -i'enus  and  contains 
no  rotations  about  the  origin.   Then 


>k 


>    Ai  (0)"^  >  0      for  k  =  2,3,...   . 
A  £  G 

Proof.   For  a  fixed  integer  k  >_  2  set  s  =  k  and 
pft(z)  =  A'(z)   .   The  sum  considered  is,  by  the  lemma,  equal  to 
(Ql,©lr  .   It  is  real  and  nonnegative  and  can  vanish  only  if 
01=:  0.   By  Theorem  5,  however,  01-^^-0  if  [i^  =   1,  i.e.,  if  there 

exists  an  f  e  H  with  f (0)  ^   0,   In  the  present  circumstances  such 

+ 

an  f  is  given  by  the  k-th  power  of  an  Abelian  differential  of  the 
first  kind  on  S  which  does  not  vanish  at  the  point  covered  by  z  =  0  , 


8i 


^^^^Uq   I960 
Date  Due 

jiu  ..1  '^^ 

\ 

jm  - 

■^^-.C'-r^r 

(S 

PRINTED 

IN   U.   S.  A. 

NYU 
IMM-270 


c.l 


Bers 


Completeness    theorems   for 
Poa,ncare   series... 


..^""^'^^^^''^^IJheorems  for 
=^^45£ar£jeries^.. 


N.  Y.  U.  Institute  of 
Mathematical  Sciences 

25  Waverly  Place 
New  York  3,  N.  Y. 


f 


\ 


